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1. Introduction 

A central topic in international trade theory is the determinants of trade and 

their effect on the specialization of production between trading countries. In this 

essay I will use the Heckscher-Ohlin-Samuelson (HOS) model to examine the effects 

that differences between countries have on their trade pattern. I will also examine 

what effect the alteration of certain assumptions made in the HOS model has on the 

trade pattern between two identical countries. 

 By using the HOS model in which there are two goods, two countries, and two 

factors of production, several results relating to determinants of trade are derived. 

The main results can be stated as follows:  

Otherwise identical countries will trade if they have different preferences, or 

different factor endowments, or different production technologies. Further, 

identical countries will trade if production exhibits increasing returns to 

scale, at either the industry level (under perfect competition), or the firm 

level (with monopolistic competition). 

  

The rest of the essay derives these results. The structure of the essay is as 

follows. Section 2 provides a review of the relevant literature to the HOS model and 

its applications. Section 3 delineates the assumptions of the model and explains the 

implications of the assumptions. It is also where the notation will be defined for use 

in subsequent sections. Section 4 derives relevant analytical tools that will be used 

in the analysis of the problems considered in section 5. Section 5 examines the 
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potential for trade where one of the five conditions stated in the model is altered 

while the other conditions are held constant. Section 6 concludes. References can be 

found after section 6. 
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2. Review of Relevant Literature 

Work done by Heckscher (1919/1949) and Ohlin (1933), later refined by 

Samuelson’s (1948, 1949) extensions, together form the HOS model. This model 

emphasizes the importance of international factor-endowment differences as 

determinants of the trade pattern. It is in contrast to the classical Ricardian theory 

which asserts that the trade pattern is determined by the international differences 

in technology, i.e., differences between countries’ required labour input to produce 

one unit of output.  

Theorems and relationships pertinent to the HOS model include the 

following. 

An analytical tool to demonstrate the effects of a change in the economy on 

the pattern of trade is the Lerner (1952) Diagram, which was revived by Findlay 

and Grubert (1959). The Lerner Diagram provides a convenient starting point for 

further analysis of the HOS model. It is useful when deriving the effects of a change 

in variables such as price ratios, technology, and factor endowments. 

Research by Stolper and Samuelson (1941), later elaborated upon by 

Samuelson (1948, 1949), derived relationships between goods prices, factor prices, 

and the capital-labour ratio of each industry.  

Closely related to the Stolper-Samuelson theorem is the factor price 

equalization theorem. The factor price equalization theorem states that factor prices 

will equalize across countries that have identical technologies as a result of 
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international trade, regardless of international differences in factor endowments. 

This theorem was derived by Samuelson (1948), and independently derived by 

Lerner (1952, which reproduces a paper that Lerner prepared for a seminar in 

December 1933.)  

The Rybczynski (1955) theorem states the relationship between factor 

endowments and outputs at a constant goods-price ratio. Rybczynski proved that an 

increase in the endowment of one factor will increase the output of the good using it 

relatively intensively and reduce the output of the other good. 

Jones (1965) derived the “generalized Rybczynski theorem” which states that 

“if factor endowments expand at different rates, the commodity intensive in the use 

of the fastest growing factor expands at a greater rate than either factor, and the 

other commodity grows (if at all) at a slower rate than either factor.” 

The trade implications of the Rybczynski (1955) theorem and Jones’ (1965) 

generalized Rybczynski theorem are stated in the Heckscher-Ohlin theorem 

relating to the pattern of trade. This theorem, developed by Heckscher (1919/1949) 

and Ohlin (1933), states that when there are differences in factor endowments 

between two otherwise identical countries, each country will export that commodity 

which intensively uses its relatively abundant factor. 

Johnson (1955) postulated that a Hicks-neutral technical change in an 

industry has a similar relationship to outputs as Rybczynski found between factor 
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endowments and outputs. Johnson’s hypothesis was proven by Findlay and Grubert 

(1959). 

Chacholiades (1973) derived the offer curves for countries with increasing 

returns to scale. He showed that when two countries have increasing returns to 

scale, stable free trade equilibria occur when each country completely specializes in 

one good.  

Spence (1976) investigated the effects of fixed costs and monopolistic 

competition on product selection. Dixit and Stiglitz (1977) extended Spence’s 

analysis to show that when there is monopolistic competition in an industry with 

many firms producing unique varieties, and when consumers have preferences 

represented by a CES (constant elasticity of substitution) utility function, 

increasing product varieties will increase overall welfare.  

Krugman (1979) introduced the Spence-Dixit-Stiglitz model to international 

trade to show that countries will export and import different varieties of the same 

product. Krugman (1980) assumed each consumer had preferences represented by a 

CES utility function and derived the equilibrium output, price, and the number of 

varieties available to consumers. He further showed that by introducing 

international trade, welfare can increase without effecting the equilibrium output of 

each firm or their prices. 

 

 



7	
	

3. Model 

 Section 3.1 introduces the production side of the HOS model. In section 3.2, 

the preferences of the home and foreign countries are considered. The free-trade 

equilibrium conditions will be stated in section 3.3. Finally, section 3.4 states the 

institutional assumptions made in the HOS model and derives the production, 

consumption, and free-trade implications of these institutional assumptions.  

 3.1. Production Side 

For the purposes of the model, there are two countries (home and foreign) 

and two factors of production (capital, denoted K, and labour, denoted L). The 

variables in the foreign country are distinguished by an asterisk.  

Both countries produce the same two goods, one and two, using K and L as 

the inputs. Good one is produced in the amount X1 in the home country, using L1 

units of labour and K1 units of capital. Similarly, X2 units of good two are produced 

in the home country, using L2 units of labour and K2 units of capital. The production 

functions for both goods are strictly quasi-concave and exhibit constant-returns-to-

scale in production. So	"# = %# &#, (# = (#)# *# ; 	, = 1,2 where	*# ≡
01
21

 and	)# ≡
31
21

. The 

marginal products of labour (45() and of capital (45&) for good , are defined 

as	45(# 	≡
631
621

= )# − *#)#8	and	45&# 	≡
631
601

= )#8, , = 1,2. 

The capital/labour ratio in the production of good	, is represented 

by	*# ≡ 01
21
, , = 1,2 . Factor intensities are non-reversible, and good one is assumed 
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to be relatively capital intensive. This means that when both industries face the 

same input prices, a higher ratio of capital to labour is needed to produce good one 

than good two	(*; > *=). Since good one is relatively capital intensive then good two 

is relatively labour intensive.  

The total income derived from the production of good one and two is given by 

the expression: ?;"; + ?="=, where ?; and ?= are the prices of goods one and two, 

respectively. The price ratio is defined as	? ≡ AB
AC

. 

There is a cost associated with production. The cost of each unit of labour 

employed is the wage rate, denoted	D. The cost to employ one unit of capital is the 

rental rate and is denoted by	E. Although wage and rental rates are assumed to be 

the same in both industries	(D; = D= = D, E; = E= = E), the wage and rental rates 

may differ between the countries. Also, the wage-rental ratio	 F
G

 is assumed to be 

perfectly flexible. 

Each economy is endowed with fixed, overall factor supplies,	( and	&. It will 

be shown in section 3.4 that perfect competition implies that production fully uses 

all factor supplies:	( ≡ (; + (=, & ≡ &; + &=. Both factors are perfectly mobile 

domestically but immobile internationally.  
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3.2. Demand Side 

An assumption is being made that trade balances. In both countries, total 

expenditure must equal total income. This gives the equation 	

?;"; + ?="= = ?;H; + ?=H=, where H;	and H=	are the amounts consumed in the home 

country of goods one and two, respectively.  

Countries have identical homothetic preferences unless stated otherwise. The 

utility function is I H;, H= , exhibiting strict quasi-concavity with positive marginal 

utilities JI/JH;	and JI/JH=. Pre-trade indifference curves will be denoted by UA and 

free-trade indifference curves will be denoted by UT. 

3.3. Free-Trade Equilibrium 

One of the requirements for free-trade equilibrium is equality between the 

domestic and foreign price ratios	(? = ?∗). In free trade, excess supplies (demands) 

are exports (imports). The excess supply (ES) of good , is defined as	MN# ≡ "# − H#. 

The excess demand (ED) for good , in a country is defined as	MO# ≡ H# − "#, , = 1,2. In 

free trade the amount of each good being exported must equal the amount being 

imported by the other country. For example, if the foreign country exports good one 

and imports good two then in free trade, MN;∗ = MO; and	MO=∗ = MN=. 

There is assumed to be no transportation costs and no restrictions to trade. 
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3.4. Institutional Assumptions 

The economy is assumed to be perfectly competitive. Since the foreign 

country has identical institutional assumptions as the home country, the properties 

that will be derived here for the home country will hold true for the foreign country.  

Recall the first order conditions for an industry in perfect competition: 

	?45( = D, ?45& = E. Since both industries are in perfect competition we have this 

set of four first order conditions:  

 ?;45(; = D, 1  

 ?;45&; = E, 2  

 ?=45(= = D, 3  

 ?=45&= = E. 4  

The economy will produce on the efficiency locus if the marginal rate of factor 

substitution 4R%N ≡ ST2
ST0

 is the same for both industries. Divide equation (1) by 

equation (2):  

4R%N; ≡ 	
45(;
45&;

=
D
E . 

Similarly, by dividing equation (3) by equation (4), we get that 

4R%N= ≡ 	
45(=
45&=

=
D
E . 
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Therefore	4R%N; =
F
G
= 4R%N=. Since the MRFS is the same for both 

industries, the economy produces on the efficiency locus. An implication of Pareto 

efficient production is that production fully uses all available resources. This means 

that production occurs on the production possibility frontier (PPF). The slope of the 

PPF is known as the marginal rate of transformation	 4RU ≡ ST2C
ST2B

= ST0C
ST0B

.  

We will next show the point at which firms maximize profit. Divide equation 

(1) by equation (3): 

?;45(;
?=45(=

=
D
D ,	

		⇒
?;
?=
=
45(=
45(;

,

⇔ ? = 4RU. 

Therefore, maximum profits occur when the price ratio is tangent to the production 

possibility frontier (PPF).  

The slope of a country’s indifference curve is known as the marginal rate of 

substitution (MRS) and is defined mathematically as 4RN ≡ 6X/6YB
6X/6YC

. Recall the first-

order condition for the utility maximization problem with two goods:  

4RN ≡ 6X/6YB
6X/6YC

= AB
AC
≡ ?. Therefore consumers maximize welfare at the point where an 

indifference curve is tangent to the price line. Another property of Pareto efficiency 

is that in a self-sufficient economy, 4RN = 4RU at the production point. Thus all 
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goods produced in the economy are consumed within the economy. Using the 

information so far, 4RN = ? = 4RU at the autarky allocation. 

The allocation of production for the home country in autarky is illustrated in 

Figure 3.1. The country produces and consumes at A, and faces a price ratio equal 

to the absolute value of the slope of the line	?.  

 

Figure 3.1:  

Production and Consumption in Autarky 
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4. Derivation of Relevant Analytical Tools 

 In this section I will derive the analytical tools needed for the analysis in 

section 5. 

4.1. Derivation of Relative Supply-Relative Demand Diagram 

I will make extensive use of Figure 4.1 to derive the relative supply-relative 

demand diagram. Figure 4.1 shows the effect of a price-ratio reduction on the PPF 

diagram for the home country. 

 

Figure 4.1:  

Effects of a Price Ratio Change on the Relative Production and 

Consumption of Goods One and Two 
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The home country is initially producing and consuming at point A on its PPF. 

It faces a price ratio of	?. Suppose that the world price ratio falls to	?8. In order to 

maximize profits, firms produce a combination of good one and two such that		

?8 = 4RU. This occurs at B. The production of good one falls from A1 to B1 and the 

production of good two increases from A2 to B2. Therefore the relative supply of good 

one decreases as the price ratio decreases. 

 At the autarky price ratio consumers demand goods corresponding to point 

A, and after the decrease in the price ratio demand moves to B′ where ?8 = 4RN. 

Homothetic preferences mean that the MRS is constant along any ray from the 

origin. Since the price ratio has fallen, the MRS at A is greater than the MRS at B′. 

This means that the line [\′ is less steep than the line	[]. Note that the slope of 

[\′ and [] are equal to the relative consumption of good two to good one at points 

B′ and A respectively. Using this we can see that a reduction in the price ratio 

causes a reduction in the relative demand for good two compared to good one. It 

follows that the reciprocal ratio, the relative consumption of good one, increases 

when the price ratio decreases. 

Thus the effects of a fall in the price ratio can summarized by a decrease in 

the relative supply (RS) of good one and an increase in the relative demand (RD) for 

good one. Similarly, it can be shown that an increase in the price ratio has the 

opposite effects on the RS and RD of this good. 

By mapping the effects of a price ratio change onto a diagram with the price 

ratio on the vertical axis and the ratio of good one to good two on the horizontal axis 
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we form the RS-RD diagram. Figure 4.2 shows the same price-ratio reduction that 

is depicted in Figure 4.1 on the RS-RD diagram. The point where RS = RD is the 

autarky point and the price ratio at this point is the autarkic price ratio. 

 

Figure 4.2:  

The Effects of a Fall in the Price Ratio 
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4.2. Derivation of Stolper-Samuelson Theorem 

We start this derivation by examining the effects of a price change in the 

Lerner Diagram (shown in Figure 4.3). The Lerner Diagram shows the capital and 

labour inputs required to produce one dollar’s worth of a good at market prices. For 

example, if the price of one unit of good one is two dollars, then a half unit of good 

one is worth one dollar. Thus, the physical quantity of a unit-valued isoquant is 

given by the reciprocal of the price of the good. To minimize costs, firms produce 

where the unit isocost line—the line corresponding to equation 1 = E& + 	D(—is 

tangent to both of the unit-value isoquants. This is known as the common tangent. 

By putting capital on the vertical axis, the (absolute value of the) slope of the isocost 

line will be	F
G
, the wage-rental ratio. Due to constant returns to scale in production, 

the capital/labour ratio in the production of each good is the slope of the line from 

the origin to the point of intersection of the isocost line and the isoquant. 
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Figure 4.3  

The Effects of Rise in the Price of Good One 

 

Suppose that the price of good one rises. As ?; increases, ;
AB

 decreases, with 

the result that there are fewer units of good one are needed to yield one dollar of 

revenue. This shifts the unit-value isoquant for good one toward the origin. There 

will be a new wage-rental ratio required to minimize the new costs of production. As 

illustrated in Figure 4.3, the slope of the isocost line becomes less steep as a result 

of the price change. This means that the wage-rental ratio has fallen. The 

capital/labour ratio in production of good one—the slope of the line from the origin 
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to where F
G
= ST2B

ST0B
—falls from	*; to	*;8 . Similarly, the capital/labour ratio in the 

production of good two falls from	*= to	*=8 . The overall effect of an increase in the 

price ratio is a decline in the wage-rental ratio and a decline in the capital/labour 

ratio in production in both industries. A decrease in the price ratio would have the 

reverse effect. The relationship between the price ratio, the wage-rental ratio, and 

the capital/labour ratio in production was studied by Stolper and Samuelson (1941) 

and Samuelson (1949). We can illustrate their relationships on a diagram which has 

the price ratio on the horizontal axis (east of the origin), the wage/rental ratio on 

the vertical axis, and the capital/labour ratios on the horizontal axis (west of the 

origin). This is shown in Figure 4.4.

 

Figure 4.4:  

Stolper-Samuelson Theorem 
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5. Applications of the Model         

 The objective in this section is to investigate situations in which two 

countries can trade and then determine the trade pattern. In the model given in 

section 3 there will not be trade between two countries if all of the following five 

conditions hold true: (1) there are identical homothetic preferences in both 

countries; (2) the factor endowments of both capital and labour are equal in both 

countries; (3) production functions differ between goods, but production functions 

are identical between countries; (4) production functions exhibit constant returns to 

scale and are strictly quasi-concave, and (5) the economies are in perfect 

competition. Section 5 examines the potential for trade where one of the conditions 

is altered while the other four are held constant. Each of the five possible scenarios 

is examined. 

 Subsections 5.1, 5.2, and 5.3 examine cases where countries have different 

preferences, factor endowments, and production technologies, respectively. 

Subsection 5.4 provides an example of how increasing returns to scale at the 

industry level under perfect competition can act as a determinant of trade for 

identical countries. Subsection 5.5 shows how identical countries can trade when 

there are increasing returns to scale at the firm level with monopolistic competition. 

5.1.  Differences in Preferences 

Suppose that the home and foreign countries are identical except that they 

have different homothetic preferences. The home country prefers relatively more of 
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good one and the foreign country prefers relatively more of good two, when the two 

countries are compared at the same price ratio. This corresponds to a greater 

relative demand for good one in the home country at all common price ratios. Since 

both countries have identical production capabilities, both will have the same 

relative supply curves. Figure 5.1 is a diagrammatical presentation of this situation. 

Recall that autarky occurs when the relative supply and relative demand curves 

intersect. Therefore, the home country will have the higher autarky price ratio. 

 

Figure 5.1:  

The Effects of Different Homothetic Preferences on Otherwise Identical 

Countries in Free Trade 
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As shown on the diagram, in free trade the common world price ratio	?F must 

be between the pre-trade price ratios of the home country	 ? 	and the foreign 

country	 ?∗ . Note that at this price ratio, relative production in both countries is 

identical	^B
^C
= ^B∗

^C∗
, but the relative consumption of good one is different in the two 

countries. The foreign country consumes	YB
∗

YC∗
 and the home country consumes	YB

YC
. 

Therefore in free trade,	YB
YC
> ^B

^C
= ^B∗

^C∗
> YB∗

YC∗
. Define	H ≡ YB

YC
 and	" ≡ ^B

^C
. This implies 

that	H; = HH=	and	"; = ""=. Substitute these two equations into the balanced-budget 

equation	 ?;H; + ?=H= = ?;"; + ?="=  to get	 ?;H + ?= H= = ?;" + ?= "=. This implies 

H= < "=	(since	H > ") and hence	H; > ";. Therefore the home country must be 

importing good one and exporting good two in free trade. By an identical process for 

the foreign country, it can be shown that the foreign country will export good one 

and import good two at a common free-trade price ratio. 

Therefore free trade will occur between two identical countries if they have 

different preferences.  

Result 1. Figure 5.1 shows that the country with the relatively high pre-trade 

price ratio will export good two while its trading partner will export good one. In 

other words, differences in autarkic price ratios are an indication of comparative 

advantage. This will be useful in the following sections for determining the direction 

of trade. 
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5.2. Differences in Factor Endowments 

 This subsection will examine how factor endowment differences affect trade 

between two countries. The analysis begins by demonstrating the Rybczynski (1955) 

Theorem that—at a constant product-price ratio—an increase in the endowment of 

one factor will increase the output of the good using it relatively intensively and 

reduce the output of the other good. Then it will be shown that, more generally, an 

increase in the relative endowment of a factor will increase the relative production 

of the good using that factor intensively, again with product prices held constant. 

After demonstrating the effects that an increase has on the economy’s production, 

we will be able to analyze the effects that differences in factor endowments between 

countries have on the pattern of trade. It will be shown that a country will export 

the good which intensively uses its relatively abundant factor. 

 Note that by the Stolper-Samuelson Theorem derived earlier a fixed goods-

price ratio implies both a fixed wage-rental ratio and fixed capital/labour ratios in 

production. Therefore,	`*; = `*= = 0 in the following derivations. 

(i) Increase in one factor 

There will be two identities used to derive the following results: 

 & ≡ &; + &=, 

( ≡ (; + (=. 

5  

6  

The following full-employment identity is derived by starting with equation 

(5), dividing by	(, defining	*# ≡
01
21
	(, = 1,2), and then substituting in equation (6): 
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&
(

≡ *;
(;
	(
+ *=

(=
	(
, 

 
 

 
								⇒

&
(

≡ *; − *=
(;
	(
+ *=. 

7  

Assume that the supply of capital increases and the endowment of labour 

remains the same. The effects of this increase in the endowment of capital on the 

allocation of labour to industries one and two are derived as follows: 

Using the information that the supply of labour does not change	 e2
e0
= 0  and 

that the capital/labour ratios in production of goods one and two are fixed by the 

given product-price ratio	 `*; = `*= = 0 , obtain the following result by 

differentiating equation (7) with respect to the supply of capital: 

 1
(
= *; − *=

`(;
`&

1
(
,  

 ⇒
`(;
`&

=
1

*; − *=
> 0	since	*; > *= > 0.  

8  

Use equation (8) and "; = (;); *;  to get 

`";
`&

=
); *;
*; − *=

> 0. 

Given that the supply of labour remains the same, equation (6) 

⇒
`(=
`&

= −
`(;
`&

. 

Substituting equation (8) into the above expression, verify that 
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 `(=
`&

=
1

*= − *;
< 0.  

9  

Recall that	"= = (=)= *= . Using this and equation (9) we get	

`"=
`&

=
)= *=
*= − *;

< 0. 

Thus the effects of the increase in endowment of capital can be summarized 

by an increase in the production of the capital-intensive good and a decrease in the 

production of the labour-intensive good. 

 By similar reasoning, if there is an increase in the endowment of labour and 

no change in the endowment of capital, then 

 `(;
`(

=
*=

*= − *;
< 0, (10) 

 ⇒
`(=
`(

= 1 −
`(;
`(

=
*;

*; − *=
> 0. (11) 

Taking the derivative of	"; = (;); *;  with respect to the labour supply and 

substituting in equation (10), find that 

`";
`(

=
); *; *=
*= − *;

< 0. 

Similarly, 

`"=
`(

=
)= *= *;
*; − *=

> 0. 
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The effects on production are an expansion in the production of the labour-

intensive good and a contraction in the production of the capital-intensive good. 

Thus the following general statement is obtained. 

Result 2: Rybczynski Theorem. An increase in the endowment of a factor 

increases the production of the good that uses that factor intensively and decreases 

the production of the other good, at constant product prices. 

(ii) Increase in the factor endowment ratio 

In this part instead of examining the absolute changes in factor allocations, 

only the relative changes will be examined. The mathematical analysis will begin by 

demonstrating the effect of an increase in the capital/labour endowment ratio on the 

share of labour devoted to industries one and two. Then, the effects on relative 

production will be shown. 

Taking the derivative of equation (7) with respect to the capital/labour 

endowment ratio, while recalling that *; and *= are fixed by the given product-price 

ratio, and simplifying 

 
⇒
` (;/(
` &/(

=
1

*; − *=
> 0. 

 
12  

Dividing equation (6) by	(: 	

1 =
(;
(
+
(=
(
, 

⇒
` (=/(
` &/(

= −
` (;/(
` &/(

. 
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Substituting equation (12) into to this expression 

 
⇒
` (=/(
` &/(

=
1

*= − *;
< 0. 

 
13  

Divide "; = (;); *;  by	(: 

";
(
=
(;
(
); *; . 

Taking the derivative of the above expression with respect to the capital/labour 

endowment ratio and substituting in equation (12) 

⇒
` ";/(
` &/(

=
); *;
*; − *=

. 

Similarly, using	^C
2
= 2C

2
)= *=  and equation (13)	

⇒
` "=/(
` &/(

=
)= *=
*= − *;

. 

 Note that: 

 ";
"=

=
";/(
"=/(

.  
14  

Using the quotient rule, the derivative of equation (14) with respect to	 0
2

 is  

	
` ";/"=
` &/(

=

` ";/(
` &/(

"=
( 	− ` "=/(

` &/(
";
(

"=/(	 =
. 

By substituting in the known expressions and simplifying, we get 
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`(";/"=	)
` &/(

=
); *; /(*; − *=)
(=)= *= /(

−
(;); *; /(*= − *;)

(==)= *= /(
	> 0. 

Therefore, an increase in the factor endowment ratio of capital/labour 

increases the relative supply of good one. Note that while an increased factor 

endowment ratio of capital/labour implies that the production of good one must 

increase, it is possible that the production of good two also increases, but it must 

increase at a smaller rate than good one. 

The effect of an increase in the endowment ratio of labour to capital is the 

same as a decrease in the endowment ratio of capital to labour. In that case the 

relative supply of good one will decrease. By combining the two situations of 

changes in factor endowment ratios, the following result is obtained. 

Result 3: Generalized Rybczynski Theorem. An increase in the endowment 

ratio of a factor will increase the relative output of the good using that factor 

intensively, at constant product prices. 

(iii) Free-trade implications 

The trade implications for differences in factor endowments will be derived. 

Suppose that the foreign country has a higher endowment ratio of capital/labour 

than the home country. (Note that the foreign country may have either a higher or 

lower endowment of both factors compared to the home country; the supposition 

here is only that it has a higher endowment ratio of capital/labour relative to the 

home country.) From Result 3, the higher capital/labour endowment ratio in the 
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foreign country implies that the relative supply of good one is greater in the foreign 

country than the home country at any common price ratio. Thus, in Figure 5.2, the 

RS* curve lies to the right of RS. Since both countries have identical homothetic 

preferences, the relative demand curves are the same. What follows is that the 

autarky price ratio in the foreign country is less than that of the home country’s, as 

is shown in the diagram. By Result 1, this implies that the foreign country will 

export the capital intensive good and import the labour intensive good when free 

trade is allowed to occur. 

 

Figure 5.2:  

Foreign Country Has a Higher Capital/Labour Endowment Ratio than the 

Home Country 
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The following result summarizes these trade implications for differences in 

factor endowments. 

Result 4: Heckscher-Ohlin Theorem. A country will export the good which 

intensively uses its relatively abundant factor.  
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5.3.  Differences in Technologies 

 Up to this point in the essay, the two countries were assumed to have 

identical technologies. This subsection will introduce international technological 

differences of the Hicks-neutral variety.  

Hicks-neutral technological progress in industry ,	 = 1,2  means a rise in	m#, 

where "# = m#%# &#, (# = %# m#&#, m#(#  under constant returns to scale. If m# doubles 

(for example), the country will be able to produce the same amount of good , as it 

did prior to the technical progress using half the amount of each input. 

Diagrammatically, doubling m# doubles the amount of output associated with each 

isoquant, without changing the isoquant’s shape.  

Assume in this section that countries have equal and fixed endowments of 

capital and labour. The effects of technical progress will be demonstrated at a 

common goods-price ratio. 

(i) Hicks-neutral progress in one industry 

Suppose a country experiences Hicks-neutral technical progress in industry 

one. The technical progress allows industry one to produce the same dollars’ worth 

amount of good one that it was able to prior to the technical progress but now with 

less capital and labour inputs. This corresponds to the unit-value isoquant being 

shifted closer to the origin. There is a new lower wage-rental ratio to keep both 

goods equally profitable to produce. The capital/labour ratio in production in both 

industries also falls because of the progress. This is illustrated in Figure 5.3 which 



31	
	

depicts the Lerner Diagram and in Figure 5.4 which depicts Samuelson’s one-to-one 

correspondence between product and factor prices.  

 

Figure 5.3:  

Lerner Diagram Depicting Technical Progress in Industry One 
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Figure 5.4:  

Stolper Samuelson Theorem with Technical Progress in Industry One 

 

 Mathematically, the effects of the technical progress are: e2
enB

= e0
enB

= 0,	

eoB
enB

< 0, eoC
enB

< 0. To show how technical progress in industry one affects the allocation 

of labour in both industries, the equations derived earlier will be used. By taking 

the derivative of equation (7) with respect to m; and solving for e2B
enB

 we get: 

 `(;
`m;

= (;
`*;
`m;

+ (=
`*=
`m;

1
*= − *;

> 0	since	
`*;
`m;

< 0	and	
`*=
`m;

< 0.  
15  

 Since the supply of labour does not change, equation (6) 

⇒
`(=
`m;

= −
`(;
`m;

. 
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Substituting equation (15) into the above expression 

 ⇒
`(=
`m;

= (;
`*;
`m;

+ (=
`*=
`m;

1
*; − *=

< 0.  
16  

 Recall that	*= ≡
0C
2C
	⇒ &= ≡ *=(=. Therefore by taking the derivative of	&= with 

respect to m; and substituting in equation (16) we see that 

 `&=
`m;

=
`*=
`m;

(= + *= (;
`*;
`m;

+ (=
`*=
`m;

1
*; − *=

< 0.  
17  

 Since the capital supply does not change, equation (5) 

⇒
`&;
`m;

= −
`&=
`m;

. 

Substituting equation (17) in to this expression 

⇒
`&;
`m;

= −
`*=
`m;

(= + *= (;
`*;
`m;

+ (=
`*=
`m;

1
*= − *;

> 0. 

 Therefore if	m; increases there will be an increase in &; and	(; and a decrease 

in &= and	(=. Since the production function for good one, "; = m;%; &;, (; , is strictly 

increasing in each of m;, &;, and	(;, Hicks-neutral technical progress in the capital-

intensive industry implies that the production of good one will increase. It follows 

that the production of good two decreases since this good uses less of each input and 

has no change in technology.  

The analysis is symmetric when there is Hicks-neutral technical progress in 

the labour-intensive industry instead. The technical improvement implies that the 

capital/labour ratio in production in both industries would rise at a constant price 
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ratio. Hence	eoB
enC

> 0, eoC
enC

> 0. If there are positive changes in the capital/labour ratio 

in production in both industries, then using the analysis above it follows that there 

is an increase in the production of the labour-intensive good and a decrease in the 

production of the capital-intensive good. By combining the two possible cases, the 

following general result is obtained. 

Result 5: Findlay-Grubert Theorem. At constant goods prices, Hicks-neutral 

technical progress in an industry leads to an expansion of the production in that 

industry and a contraction of the production in the other industry. 

(ii) Technical progress in both industries 

Suppose that there is technical progress in both industries but it is greater in 

industry one, so that	`(m;/m=) > 0. In terms of Figure 5.3, if	m= increases 

proportionally less than	m;, then the dollar’s-worth isoquant for good two shifts 

down proportionally less than the shift shown for good one. Then, the dollar’s-worth 

isocost line (tangent to both dollar’s-worth isoquants) must become flatter. Thus,	*; 

and	*= both decline.  

The effects of relative technical progress in industry one on the allocation of 

capital and labour essentially mirrors the case where there is technical progress 

only in industry one. Thus, from equation (7)  

`(;
` m;/m=

= (;
`*;

` m;/m=
+ (=

`*=
` m;/m=

1
*= − *;

> 0. 

Equation (6) implies 
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`(=
` m;/m=

= (;
`*;

` m;/m=
+ (=

`*=
` m;/m=

1
*; − *=

< 0. 

The effects of the relative technical progress in industry one on the allocation of 

capital can be determined using	&= ≡ *=(= and equation (5). The results are: 

`&=
` m;/m=

=
`*=

` m;/m=
(= +

*=
*; − *=

(;
`*;

` m;/m=
+ (=

`*=
` m;/m=

< 0, and 

`&;
` m;/m=

= −
`*=

` m;/m=
(= +

*=
*; − *=

(;
`*;

` m;/m=
+ (=

`*=
` m;/m=

> 0. 

 Finally, using these results with the relative production of good one,	

	^B
^C
= nB

nC

3B(0B,2B)
3C 0C,2C

, we see that if &; and (; both increase, %; increases; and similarly, if 

&= and (= both decrease, %= decreases. This, combined with the assumption that	m= 

increases proportionally less than	m;, shows that greater relative Hicks-neutral 

progress in industry one causes a relative increase in the production of good one. 

An increase in the relative technical progress in industry two is identical to a 

decrease in the relative technical progress in industry one. Therefore if there is an 

increase in the relative technical progress in industry two, the relative supply of 

good one will fall. Thus the following general result is derived. 

Result 6: Generalized Findlay-Grubert Theorem. Greater Hicks-neutral 

progress in one industry compared to the other will increase the ratio of production 

of the former to the latter at a constant goods-price ratio. 
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(iii) Free-trade implications 

Suppose that the foreign country is more technically advanced in the 

production of both goods than the home country, but the foreign country’s relative 

technical advantage in industry one is greater than its relative technical advantage 

in industry two. By Result 5, where there is a constant goods-price ratio, the greater 

relative technical advantage in industry one in the foreign country implies it has a 

higher ratio of production of good one to good two. Therefore, the relative supply of 

good one in the foreign country is greater than the relative supply of good one in the 

home country at all common price ratios. Since identical homothetic preferences in 

both countries has been assumed, the relative demands will be the same. Figure 5.5 

shows this situation on the RS-RD diagram. This diagram also shows that the 

foreign country has the lower autarky price ratio and by Result 1, this implies that 

the foreign country will export good one and import good two.  
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Figure 5.5:  

Foreign Country Has Relative Technical Advantage in Production of 

Good One 

 

The following general statement can be made about the trade pattern 

between countries that are identical except for Hicks-neutral technological 

differences. 

Result 7. Each country will export the good in which it has the greatest 

relative technical advantage. 
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5.4.  Increasing Returns to Scale at Industry Level under Perfect Competition 

This subsection provides an example of how increasing returns to scale can be 

a determinant of trade even when the two trading countries are identical. To begin 

the analysis, the assumption that the production functions for goods one and two 

exhibit constant returns to scale is replaced with the assumption that both goods 

are produced under increasing returns to scale at the industry level. It is assumed 

that there are many firms in each industry, with each firm producing the same 

good. We also assume that production for firms operates under constant returns to 

scale. For example, if a firm doubles all of its inputs the firm’s output doubles, but if 

all firms double their inputs the industry output of that good will more than double. 

Since all other assumptions from the original model will remain unchanged the 

following results can be attributed to increasing returns to scale. 

Kemp and Herberg (1969) prove that with increasing returns in both 

industries the PPF must be convex to the origin close to the axes but may be 

concave or convex to the origin elsewhere in the output space. One of their results 

states that the PPF is strictly convex to the origin at all points in the output space if 

returns to scale are sufficiently increasing and the degree of homogeneity is not 

decreasing with increasing output. We will assume that both these conditions hold 

true in the model under investigation. Therefore the PPF for both countries is 

“bowed-in” to the origin. The PPF diagram for both countries in autarky is 

illustrated in Figure 5.6. 
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Figure 5.6:   

Autarky Equilibrium 

 

We will further assume that each country is symmetric in its production 

about OV, the 45 degree line passing through the origin. Kemp and Herberg (1969) 

prove that when returns to scale are not constant, production in equilibrium will 

occur where the PPF is tangent to the price ratio only if the degree of homogeneity 

is the same for both industries. This assumption is made, and so the autarky 

equilibrium point will occur when	4RU = ? = 4RN, where ? is the autarky price 

ratio.  

For simplicity, suppose that a community indifference curve is tangent to the 

PPF at A, which is therefore the point of autarky equilibrium. Since preferences are 
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homothetic, the OV line is the income-consumption curve for	?. The assumed 

symmetry about OV implies that the line BC will have the same slope as the price 

line in autarky. Chacholiades (1973, p. 178) states that C and B are possible 

production equilibria if the price line is flatter than the PPF at C and steeper than 

the PPF at B. This means that both B and C are possible points of production if 

? = ?.  

When identical countries face increasing returns to scale, stable free trade 

equilibria occur where each country completely specializes in one good 

(Chacholiades, 1973, p. 180-1). Therefore in free trade, one country produces at B 

and the other at C. The direction of trade, that is, which country will completely 

specialize in which good, is indeterminate. For convenience, assume that the foreign 

country produces at B and the home country produces at C.  

Since preferences are homothetic, optimal consumption with complete 

specialization occurs when the OV line intersects the BC line. It follows from the 

fact that the PPF is symmetric that utility maximization for both countries occurs 

at the midpoint of the line BC, point D. This situation is shown on the following 

diagram (Figure 5.7). 
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Figure 5.7:         

Free-Trade Equilibrium 

 

If both countries were to engage in trade then by consuming at D, the foreign 

country exports		\M units of good one and imports 	OM units of good two, and the 

home country exports  H% units of good two and imports  O% units of good one. Since 

D occurs at the midpoint of BC,  \M = O% and OM = H%. Therefore the exports 

equals the imports for both goods. The free-trade price ratio will be the (absolute 

value of the) slope of BC, ?. Welfare in both countries will improve to D.  

Result 8. This example shows that increasing returns to scale can be a 

determinant of trade and even identical countries can trade and experience a gain 

in welfare by completely specializing in one good.  
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5.5. Monopolistic Competition with Increasing Returns to Scale at Firm Level 

This subsection will examine how monopolistic competition gives rise to 

intra-industry trade. An alternative assumption will be made here from the 

institutional assumptions made in section 3.4. Instead of the economies being 

perfectly competitive, both countries are assumed to be in monopolistic competition. 

For convenience, we will assume that there is only one industry. 

(i) Demand side 

It will be assumed that consumers in both countries have preferences 

represented by a constant elasticity of substitution (CES) utility function. This is 

represented by 

 
r = s#

;t;u
v

#w;

u/(ut;)

, 
18  

where	x denotes the number of different varieties consumed, s# represents the 

consumption of variety ,, and y is a constant greater than one and equal to the 

elasticity of substitution between any two varieties. This love-of-variety utility 

function was used by Spence (1976) and by Dixit and Stiglitz (1977) in their 

analyses of optimum product diversity in monopolistic competition. 

 The representative consumer’s budget constraint is illustrated by the 

following equation: 



43	
	

 
z = ?#s#

v

#w;

	, 
 

where z is the nation’s income and ?# is the price of variety	,. Helpman and 

Krugman (1985, p. 118) show that the Marshallian demand function for each 

variety consumed is: 

 s# ?#, {, z =
z
?#u{

		, (19) 

where { ≡ ?|;tuv
|w; .  

Assume that there are } varieties produced in each of the home and foreign 

countries. Also, assume that } is large enough that each individual firm that 

produces one variety must take	{ as a parameter. 

Using the elasticity of demand equation, ~�1 ≡ − eÄ1
eA1

A1
Ä1

, and equation (19), it 

can be shown that each producer of a single variety faces a constant elasticity of 

demand of		y. 

(ii) Production side 

One assumption in monopolistic competition that differs from perfect 

competition is that in monopolistic competition each firm is assumed to produce a 

unique variety of the differentiated product. This assumption gives individual firms 

market power to set the price of their variety. 
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For convenience, we will assume that all firms in the world share the same 

average and marginal cost functions and that the demand for each differentiated 

product is identical. 

 With respect to costs, all firms are assumed to have economies of scale in 

production. This assumption implies that each firm’s average cost of 

production	(]H) decreases as output increases. To minimize the cost of production, 

each firm is further assumed to produce only one variety. Thus there are } firms in 

the home country and } firms in the foreign country for a total of	2} firms in the 

world. As usual, the marginal cost function	(4H) is defined as the derivative of the 

total cost function with respect to output. 

With respect to revenue, as the consumer demand for each differentiated 

product is identical, each firm has the same average revenue function. This implies 

that all firms have the same total revenue function. Noting that the elasticity of 

demand for each firm is	y, the marginal revenue for all firms must be the same: 

	4R = 5 Å 1 − 1 y , where	Å is the output and	5 Å  is the inverse demand function. 

Recall that the average revenue function is defined as	]R ≡ 5(Å). Since a decrease 

in price corresponds to an increase in the quantity demanded, both the marginal 

and average revenue functions are decreasing in output. Further, y > 1 implies that 

at any output level,	0 < 4R < ]R. 

There are no barriers to entry or exit so firms enter the market if there is a 

positive economic profit and exit the market if there is a negative economic profit. 

Therefore, in equilibrium, firms in monopolistic competition make zero profit.  
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To maximize profits firms produce where the marginal cost to produce an 

additional unit is equal to their marginal revenue from selling an additional unit. 

Therefore equilibrium output occurs when	4R = 4H. Further, zero profits imply 

that at the profit maximizing level of output,	Å, the firm’s average cost and average 

revenue are equal. The equilibrium price,	?, will be the price at which	]R = ]H. 

Monopolistic competition equilibrium for a firm with a linear inverse demand 

function is depicted in Figure 5.8. 

 

 Figure 5.8: 

  Monopolistic Competition Equilibrium 

 

Since all firms have the same cost function and face the same residual 

demand function, each firm will maximize profits at the same output level and 
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charge the same price. Therefore, in equilibrium, consumption is the same for all 

varieties. Thus, notation can be simplified. Let s# = s and	?# = ?,	for all ,. 

(iii) Free-trade implications 

 Suppose that each country produces a completely different set of varieties. 

For example, the home country produces the	} varieties	1, … , } and the foreign 

country produces the	} varieties	} + 1,… , 2}. In free trade the number of varieties 

available to consumers in both countries will increase from	}	to	2}. This increase in 

varieties available along with identical prices across all firms implies that the price 

index,	{, will change. With free trade	{ ≡ ?|;tuv
|w; = 2}?;tu. Substituting this into 

equation (19), the Marshallian demand for any variety, we get 

 s =
z
2}?	. 

(20) 

By substituting equation (20) into equation (18), we get the indirect utility function: 

r =
z
? 2} ;/(ut;)	. 

Therefore national welfare rises with real income	 z ?  and with the total number 

of varieties available.  

 Since both countries are identical, the market demand curve for any variety 

is identical in both countries. Although free trade reduces the home country’s 

consumption of each variety by half, the foreign country now consumes the other 

half, leaving the variety’s demand curve unchanged. Therefore in Figure 5.8, the 

output and price of each firm remains equal to	Å and	?, respectively, after trade.  
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Result 9. If identical countries have monopolistically competitive firms then 

with specialization in unique varieties and the introduction of intra-industry trade, 

both countries’ welfare will rise without altering output or prices. Therefore trade 

can arise between identical countries when there is monopolistic competition. 
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6. Conclusion 

 This analysis showed five determinants of trade within the HOS model. First, 

differences in preferences were shown to lead to trade, with the country with the 

low pre-trade autarky price ratio exporting good one and importing good two. 

Therefore autarkic price-ratio differences are an indication of comparative 

advantage. Second, the Rybczynski theorem and generalized Rybczynski theorem 

were derived in order to show how countries can trade even if their only difference 

is in their factor endowments. Third, after the Findlay-Grubert theorem and 

generalized Findlay-Grubert theorem were derived, it was shown that countries 

with differences in productive technologies are able to trade. Fourth, when 

production exhibits increasing (rather than constant) returns to scale at the 

industry level, even identical countries can trade under perfect competition. Fifth, 

when the countries are in monopolistic (rather than perfect) competition due to 

increasing returns to scale at the firm level, and consumer preferences follow a CES 

utility function, there are gains to intra-industry trade.    

 There is a wealth of international trade theories that aim to explain trade 

phenomena observed in the real world. A natural extension to the theories currently 

available would be to empirically test them against trade data. A review of such 

tests would be a fruitful exercise for a future essay. 
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